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(briefly)
⑦ prerequisites:Hodgetheoryo
Riemannian manifolds
-

Let V be an n - dim
.

real

vector space .

Pick an orientation

and inner product g=L
- I -sonr

.

• Volume form : Wg
= e' n

. .-

n en EAV't

for any
oriented orthonormal basis ⇒

⇒ anv 't en ( Wg est) j
• Nk v't x Nn

- K

v*n→ any# µ

nondegenerate pairing ⇒
⇒ nkv = Nn

- "
v
't

.

But we

have v -v 't ⇒ nkv - Nev*⇒

⇒ nkv *a nn
-r-
v*

*

← the Hodge star operator
• If ee , . .

. .

,

en is an oriented orthonormal

basis goer , then :



* : e
"
n
. . -

n ei" ↳ sgnlig . -sik, jg . n -x) n
. . .

nein- K
,

where is in . . -

siren
,
I E je s . . .Ljn -KEN

,
and lie ,

. .

,
in} wfji , . . n-a} = 11 .

.

,
n}

.

Example : R - Nov
't nnv*

,
U

T- Wg
- aE%
If M is an oriented Riem

.
n -

manifold
,
the same can be done

pointwisely for each Tpm .

• We obtain vector bundle isom - ins :

* : NKT*M = An
-

KT*M

Remade: we
gon sections fI¥aewsmm①u
* : Mlm) → en

-"

(m)

• The Riem
.

metric g can be extended
to various tensor bundles

.
E. g. :

W
, y E ATM) ⇒ <WINGE CM) ; if ,locally

,
w = win

. . .

awk
, 7=7

'
n

. .-ng
"

,
then



<wing
= €isgnH) swim

""

) .

. . :sw4T"
"

I = detail gig;

Property: ( e) *
2

=L- pun
-H

(2) f- ErolM) = (M) ⇒ *f- = fig
,
* ffwg) = f ;

(3) W
, M E ILM) ⇒ w n * y

= swing -

Wg .

• Next
, define a codifferentiae :

*cnet.f.MN ←iFf
d
*

: = C- e)
Mkt "t'

* odo*

(
and connected

,Now
,
let M be compact for simplicity !

• Inner product on each ICM) :

<win> : = fun * p =LLwlrpgwg .

Fact : d and d
*
are adjoint w .

n
.

to these inner products :

we r
"-

Ym)
, ye NLM) ⇒ Cdw In> = Lw Id

*
w>

.

• Finally , define D : =L d t d
't)2=dd*td*d

Tywin "
the Laplace-Beltrami operator



Fact : Let WE SKIM) . TFAE :

( i) DW = 0 ( i.e.
,
w is harmonic) ;

Iii) dw =D and d* w
.

RT ' cooliesed'

Example : le) Harmonic functions are precisely
constant functions : Df =D ⇐ df - o;

(2) Harmonic top - degree forms : DH wg)⇒⇐

⇐ d* (fwg) = ± * d * ( fWg) = I * df =D⇐ f = const .

Kerd
*

Facts ( e) [ Hodge] Rk (m) - ImdytEoIm
H
"
(M) is fin .

- dim
. ; Kerd

(2) [Corollary] HMM) - Hak (m) ;
(3) H

"

IM)# Un
-"

IM)
.

-

②Intrinsicallyharmonicformsoef.siLet M be an oriented compact connected

smooth manifold .
Then we HCM) is called

intrinsicallyharmonic if I a Riem
.
metric on



M w
.r

.

to which w becomes harmonic
.

observation: w must be closed
,

and

were looking for a metricmakingit coclosed
.

Example : (e) Intrinsically harm .

O -

forms are precisely const .
f - ns

.

(2) Intrinsically harm . n - forms

are precisely non - vanishing
forms (and zero)

.

What about forms of intermediate
degrees ? Do they allow an intrinsic
-

description ? Observe: MMM ,
Rko ⇒ no intr

.

harm
.

K- forms-
Guidingexamp : Riemann surfacesIF
Let M be a surface of genus g .

Let WE RYM) s .
th

.

F a Riem
.

metric on M

making w harmonic
.

We have an orientation t



+ a (conf . class of) Riem . metric is) ⇒ we have a

complex structure on M
.

• w is real ⇒ y = w - i I
*
w = w * i*w

is a 11,01 - form ;
• w is harmonic ⇒ y is holomorphic
But then (y ) is a canonical class,
so deg ly) = 2g - 2 .

Conclusion : If w is intrinsically has

T.aeuntedwithoutmulti-ymon.ec,
# 2- (w) ⇐ 28--2 .

Enghien.fm?EEIssTaufoota#
In general ,

let M be an oriented

closed smooth n - manifold , and let
W E Sk(M)

.

←
Literatures

° w is called Morse if it istransversalto the zero section of
A
"
T
*
M → M j

o w is locally intrinsically harmonic
if I a nbhd V z 2- (w) s .th

. Why is intrinsicallyharmonic;



o w is transitive if t.pe MIZ Lw)
Z a prop .

emb
.

K - dim
.

Salem
. Np E M

s .
th

. inxpw is an orientation form
on Np ( Np must lie in Mlzcw) then) .

G) : If w is a
closed Morse t - or (n - al - form

on M
,
then it is intrinsically harmonic

if and only if it is
( i) locally intrinsically harmonic , and
Iii) transitive .

③Intrinsicallyharmonrct-forry.tt
-nom now on

,
let w stand for a closed t - term

on M .Denote ⇐ 2- (w)
,
U : = MIZ

.

observation: Ker w is a distribution of
hyperplanes on U .

It is integrable :
X
,
be rikerw) → odyyx.us/--xj.w/y-bzw,Xx-sw,cxisD.



Let I denote the correspondingfoliation
of U by hypersurface .

Now
,
assume w is Morse (⇒ Z is a finite)

Localmtrinsicharmonicity#
Let p e Z

,
w = df around p .

Then f

is Morse
. Suppose the index of fat p is k .

Lemmy : w is eoc . intrinsically harmonic
at p ⇐ K¥0

,
n

.

Proof: Assume the converse .
Then

we can write f- = I [ exit
-
t

. . . think]
.

Use

the maximum principle .

⑤ f = k.IE?cxiK-cn-k...&...cxiP ⇒

µfno
W -

- 2K
.

"

xidxi-2in-H idxi ⇒

↳
* w-

- 2.K nitxidxh . . -ndnxia.ndxn-2ln.r.IE?tiixidxh...ndxin..ndxn ⇒
d *w = 2.K (n-K) din . . . ndxn-2.K In- K) dxla . . .ndxn=0

,

so w is loc
.

intr
.

harm
.
at p . D



this is specific to t-forms

Transitivityanddoesnitholdtrueforcn-H-formsf-LLemmc.itransitivity ⇒ local intrinsic harm .

Proof: Assume F p e z of index O or n .

Then
,

•
It ,

÷. :÷::a::÷:
:

is called w - positive if httEI wtfHH>o .

¥

Defee: Let p E U . T-AELi.transitiuityj.tt
p e U ,

Ct Ip) op;

The upland Ct (p) = ftp.dmeinunmli
= f q E U l F a smooth w - positive path from ptoq} .

in
xn

Facts: u) CTR is open and is
. .

--t
a union of leaves of F ; - -I-II -

--

12) Oct Ip) is a union of some i 1

I -
-IT -

leaves of F t some points of Z . I
-
- ÷ -I

prueofofthetheoremlt-forms.es#ideaI : suffices to prove

that for any p E
-

V
,
OCTp) E Z ! Assume the converse .

O C 'T p) defines a class in ten
. .
IM

,
2)
,
this class is zero

.

But of,¥pw so , contradiction . D
←Iosedfo@



Ideafor : Find a desirable Riem
.metric

in a nbhd of Z , use transitivity to find
a desirable metric on veg glue the two

carefully.g
Fact : The set of intrins .

harmonic t-

forms is C
'
- open in the set of Morse e-

forms .

Tneierem: Morse assumption in the previous
th - m can be dropped for t - forms !

Ideaofthe.pro# : gluing;⑤ Poincare-

recurrence th - m
.

poincare-recwuxenceth-m-iletlx.A.nl
measure space

←yffinitemm a

be a
,
and let RA X be

a measure - preserving flow (dynamicalsystem) . Let A EA .
Then almost any point of A

' returns to A inf . many times
'
:

re (Aku ( h XEAl t te Rso F t
'
> t s .

thatHEA})
.



In our case
,
take X = M

,
A = Bar ( Ml

,

µ = jug .
Fact: (e) I X E KIMI s .th

. ixwg = *gw j
(2) X is transversal to E on V .

Cartan magic f - la :

Lx W g =oixd/wg t dixwg = d*w=o,
so the flow a of X is measure- preserving .

The next is a picture :

in
xn

1-
- -

;
-a-

I
- -X-

--1-1-1 -

i ll
-
-

i- --

'

D



④ Intrinsically harm .
K - forms

,
k Kan - t
-

Goodhue: Let w e RHm) be a
symplectic form . Then w is

intrinsicallyharmonic
.

Proof: we can find a compatible
Riem .

metric g making (M ,
w) into an

almost Kahler manifold : l M
, g , w ,
I)

.

Claim . W is g
- harmonic

.

Indeed
,
take a good localorthonormallocal frame Er ,Ea .

.
.

,
Ean

s
-

th
.

W = E
'
n E't

. . .

t Ean
- i
n Ean

.

Then *w = E3 n
. . -
n Em ± e' n En einen EE

±
.
.
.

=
wn
(h - e)!

.

But dw = o ⇒ d (w"
- '1=0 ⇒ d*w=o

.

Bys: loc
.

intrins
.

harm
. t trans

.

⇒
B

⇒ intrinsic harm .



B¥ple : M Ea 82 a nontrivial
9$2 - fiber bundle

.ref.isteenrodiepelogyofr-iberBundlesHKIT.ee
Take w E R2 (m) to be a pullback

of a volume form on $2 ( legit) . Clearly ,
w is of const .

rank 2 ( its kernels

are tangent spaces to the fibers of it) .
• Fact : it admits global sections
through any point of M . ⇒ w is
transitive

.

• Assume that w is harmonic for

some g on M
.

Denote *
g
w = : y .

This

is a closed 2- form on M .

• y is of const . rank 2 .

Look at its

kernel distribution .
It is integrable

by an argument similar to the one
before . Take any of its leaves L . It

is transversal to the fibers of it ⇒



⇒ L Es $2 is a submersion
,
hence a

coveringmap ⇒ a diffeomorphism .

So M is foliated leg such L-Eh⇒

⇒ M must be trivial
, contract
-
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